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Abstract. We show how the knowledge of the Fourier coefficients of the 
Cherednik kernel leads to combinatorial formulas for generalized exponents. 
We recover known formulas for generalized exponents of irreducible represen- 
tations parameterized by dominant roots, and obtain new formulas for the gen- 
eralized exponents for irreducible representations parameterized by the domi- 
nant elements of the root lattice which are sums of two orthogonal short roots. 



Introduction 

Let g be a complex simple Lie algebra of rank n and denote by G its adjoint 
group. The algebra ^(g) of complex valued polynomial functions on g becomes a 
graded representation for G. It is known from the work of Kostant |Zj that if 2 de- 
notes the subring of G-invariant polynomials on g then S'(g) is free as an X~module 
and is generated by 7i, the space of G-harmonic polynomials on g (the polyno- 
mials annihilated by all G-invariant differential operators with constant complex 
coefficients and no constant term), or equivalently S{g) = X (E) H. The space of 
harmonic polynomials thus becomes a graded, locally finite representation of G; 
it can equivalently be thought of as the ring of regular functions on the cone of 
nilpotent elements in g. If we denote by W its i-th graded piece, and by V\ the 
irreducible representation of G with highest weight A we can consider the graded 
multiplicity of V\ in TC 



-^(^a) ^dimc {llomGiVx,W)) f 



0<i 



As a polynomial with positive integer coefficients E(Vx) can be written in the form 



1=1 



such that ei(A) < e2(A) < ■ • ■ < e„^(A) and vx is the multiplicity of the 0-th weight 
space of Vx- The positive integers ei(A) were called by Kostant the generalized 
exponents of Vx- The terminology is justified by the fact that the classical exponents 
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of G, the numbers ei < ■ ■ ■ < Bn which appear in the factorization of the Poincare 
polynomial of G 

n 
i=l 

coincide with the generalized exponents of the adjoint representation of G. 

To further motivate the importance of generalized exponents note that by [H| and 
|3j the polynomials E{V\) are particular examples of Kazhdan-Lusztig polynomials 
(for the affine Weyl group associated to the Weyl group of G) and therefore of con- 
siderable combinatorial complexity. The results of Lusztig and Hesselink describe 
E{V\) as a t-analogue of the 0-th weight multiplicity of V\ via a deformation of 
Kostant's weight multiplicity formula introduced by Lusztig. 

The problem of computing the classical exponents of G was initially motivated 
by the problem of computing the Betti numbers of G . It turns out that the classical 
exponents admit another description quite different from the one alluded to above. 
It was observed independently by A. Shapiro (unpublished) and R. Steinberg |12| 
that if we denote by h{k) the number of positive roots of height k in the root 
system associated to G then the number of times k occurs as an exponent of G is 
h{k) ~ h{k + 1). This very simple procedure for computing the classical exponents 
was justified by Coleman |H] modulo the empirically observed fact that 2N = nh 
{N is the number of reflexions in the Weyl group of G and h is the order of a special 
element of the Weyl group called the Coxeter transformation) and by Kostant |B| 
who gave a uniform proof by studying the decomposition of g into submodules for 
the action of a principal three dimensional subalgebra of g. There is also a proof of 
this fact directly from Macdonald's factorization of the Poincare polynomial of the 
Weyl group of G [1 Section 3.20]. 

The main goal of this paper is to explain how the above description of the clas- 
sical exponents and similar descriptions of generalized exponents can be obtained 
by analyzing the Fourier coefficients of the Cherednik kernel, a certain continuous 
function on a maximal torus of G. Besides recovering the formulas for generalized 
exponents of irreducible representations parameterized by dominant roots, our main 
result. Theorem 14.51 describes combinatorially the generalized exponents for irre- 
ducible representations parameterized by dominant elements A of the root lattice 
of Q which are sums of two orthogonal short roots. 

To describe this result we need the following notation. Let A be a dominant 
element of the root lattice of q which can be written as a sum of two orthogonal 
short roots and it is not itself a root. For any 7 in the same Weyl group orbit as 
A let n{'j) be the number of (unordered) pairs of positive short orthogonal roots 
which sum up to 7. Let h^^(k) :— h'^^{k) — h'l{k), where h'^[k) is the number of 
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weights of V\ which have height k and h'^{k) is the number of weights 7 of V\ in 
the same Weyl group orbit as A and whose height is fc + ^(7). 

Theorem 1. Let X be a dominant element of the root lattice of Q which can be 
written as a sum of two orthogonal short roots and it is not itself a root. With this 
notation above, the multiplicity of V\ in TL^ equals h{k) — h[k + 1). 

Our result suggests that similar formulas for generalized exponents for other 
classes of irreducible representations of G are also possible if one explicitly describes 
the Fourier coefficients of the Cherednik kernel parametrized by all weights of the 
irreducible representation under consideration. A general technique of inductively 
computing the Fourier coefficients of the Cherednik kernel is described in Theorem 
14.11 Another closely related method for computing the Fourier coefficients of the 
Cherednik kernel was introduced by Bazlov 1 . ft is based on Cherednik operators 
and was succesfuly applied to compute the Fourier coefficients parametrized by 
roots, but this method seems to be less efficient in general because of the complexity 
of Cherednik operators. 



1.1. Let g be a complex simple Lie algebra of rank n and denote by G its adjoint 
group. Let f) and b be a Cartan subalgebra respectively a Borel subalgebra of q 
such that 1) C b, fixed once and for all. The maximal torus of G corresponding to 
\) is denoted by H . We have H = TA where T is a compact torus and A is a real 
split torus. The volume one Haar measure on T is denoted by ds. 

Let R C f)* be the set of roots of g with respect to (), let be the set of roots 
of b with respect to f) and denote by i?^ = — Of course, R = i?+ U R^; the 
roots in i?+ are called positive and those in R~ negative. The set of positive simple 
roots determined by i?+ is denoted by {ai, . . . , a„}. We know that the roots in 
R have at most two distinct lengths. We will use the notation Rg and Rg to refer 
respectively to the short roots and the long roots in R. If the root system is simply 
laced we consider all the roots to be short. The dominant element of Rg is denoted 
by 9s and the dominant clement of Ri is denoted by 9i. 

Any element a of i? can be written uniquely as a sum of simple roots X]r=i ^i'^i- 
The height of the root a is defined to be 



The root of R with has the largest height is denoted by 9. By the above convention, 
if R is simply laced then 9 — 9s and if R is not simply laced then 9 = 9i. 

Denote by r the maximal number of laces in the Dynkin diagram associated to 
g. There is a canonical positive definite bilinear form (•,■) on f)^ (the real vector 
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space spanned by the roots) normalized such that (a, a) — 2 for long roots and 
(a, a) = 2/r for short roots. For any root a define = 2a/ (a, a). We know from 
the axioms of a root system that (a,/3^) is an integer for any roots a and /3. In 

fact, the only possible values for \{a,0^)\ are 0, 1 or 2 if the length of a does not 
exceed the length of /3 (the value 2 is attained only if a = ±/3) and 0, r if the length 
of a is strictly larger than the length of (i. 

Define p = \TliaeR'^^ ■ With this notation the height of any root a can be 
written as ht(Q!) = {a,p). The root lattice Q is the integral span of the simple 
roots. For an element A in Q we define its height as ht(A) = (A, p). 

1.2. For any root a consider the reflexion of the Euclidean space t)^ given by 

s^ix) = X — {x, a^)a. 

The Weyl group W of the root system R is the subgroup of GL(l)j^) generated by 
the reflexions s„, for all roots a (the simple reflexions Sj := s„., 1 < i < n, are 
enough). The scalar product on is equivariant with respect to the action of W. 

We can extend the bilinear form on f)^ to a bilinear form on the real vector space 
V := i)^ + M.6 hy setting {6, V) = 0. The affine root system R is defined as 

R = {a + k5\aeR, keZ}. 

The set of affine positive roots ii+ consists of affine roots of the form a + kS such 
that k is positive if a is a positive root, and k strictly positive if a is a negative 
root. The affine simple roots are ctj (1 < i < n), and ao := S — 6. 

The affine Weyl group W is the subgroup of GL{V) generated by all reflexions 
Sa+kS associated to affine roots. As above, the affine Weyl group is generated by 
the simple reflexions sq := Sao, Si {1 < i < n). Let us describe explicitly the action 
of the simple affine refiexion 

so{x) = .S0{x) + {x,9)5. 
The bilinear form on V is equivariant with respect to the affine Weyl group action. 

2. The Cherednik kernel 

2.1. For an element A of the root lattice we denote by the corresponding char- 
acter of the compact torus T. The trivial character e° will be also denoted by 1. 

Let Z[(5] be the Z-algebra spanned by all such elements (the group algebra of the 
lattice Q). Note that the multiplication is given by ■ e^^ — e'^+^. There is an in- 
volution of Z[(5] given by = e~^. If we set = q, for q a fixed complex number, 
the affine Weyl group acts naturally on C[Q]. For example, e*''^'^) = q(^'^)e^^^^\ 

The subalgebra of Z[<5] consisting of PF-invariant elements is denoted by Z[Q]^ . 
The irreducible finite dimensional representations of G are parameterized by the 
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dominant elements of the root lattice. For a dominant A we denote by xa the 
character of the corresponding irreducible representation of G. Restricting the 
characters to T we will regard them as elements of Z[(5]. A basis of 1\Q]^ is then 
given by the all the irreducible characters x\ of G. 

For any continuous function / on the torus T, its Fourier coefficients are param- 
eterized by Q and are given by 



fx / /e-^ds. 



IT 

The coefHcient /o is called the constant term of /; it will be also denoted by [/]. 
2.2. Let us consider the following function on the torus 

' ' aeFt. 

Modulo the normalization by the cardinal of the Weyl group (which makes the 
constant term [A] = 1) this is the square absolute value of the Weyl denominator 
of the root system R. The scalar product on l^Q]^ given by 

{1,9) ■■=J^fgAds 

makes the characters x\ orthonormal. 

Assume q and t are complex numbers of small absolute value and let 

aeRi>Q 

Since q and t are small the infinite product is absolutely convergent and \7{q,t) 
should be seen as a continuous function on the torus T. In the special case when 
t = and fc is a positive integer this function was introduced by Macdonald in 
[TUI (see also ^J) and used to define a family of orthogonal polynomials associated 
to root systems and depending on the parameters q and t. Note that in this case 
V(g, q^) is given by a finite product and no convergence problems appear; therefore 
q is not required to have small absolute value and it can be regarded as a parameter. 
The constant term of V((7, was subject to conjectures of Macdonald, later to be 
proved by Cherednik 1^. The function 

^''^ [V(g,t)] 

is a W^~invariant continuous function on the torus with constant term equal to one. 
It is also invariant under the transformation which sends e^, q and t to their inverses 
and therefore well defined also for q and t in a neighborhood of infinity. We can 
define the following non-degenerate scalar product on 1\Q\^ 



{f,9)tt ■■= / f9Mq,t)ds 
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2.3. Let us consider also the continuous function on T given by 
K(n T[ U (l-g'e")(l-g'+ie-") 

Note that with the notation = q the above function can be written as 

n 

aeR+ 

For t — and positive integral k this function first appeared in Cherednik's work 
[2] on the Macdonald constant term conjecture. Unlike V((j',t) it is not invariant 
under the Weyl group. The function 

K{q,t) 

is a function on the torus with constant term equal to one, which we will call the 
Cherednik kernel. The following result establishes a very important property of 
c\{q,t), the Fourier coefficients of C{q,t). 

Theorem 2.1. (5.1.10)]). With the above notation, the Fourier coefficients 

cx{q,t) of C{q,t) are rational functions in q and t. Furthermore, the Cherednik 
kernel is invariant under the transformation which sends e^ , q and t to their in- 
verses. 

Consider now q and t as formal variables and define the field F := Q{q,t). We 
extend the involution on Z[(3] to the group algebra ¥[Q] by setting q = q^^ and 
t — t~^ . Since c\{q,t) are rational functions in q and t and therefore defined 
for generic q and t we can regard them as elements of F. The invariance of the 
Cherednik kernel from the above Theorem can be restated as 

cx{q-\t-^) = c^x{q,t) (1) 

We can define the following non -degenerate scalar product on F[Q] 

{f.9)lt [ f9Ciq,t)ds 
Jt 

For example c\{q,t) — (1,6^)^^. The scalar product has the property that 



■c 



{9j)q,t = {f^9)q,t 

It is known (see e.g. ^] (5.1.35)]) that the two scalar product coincide for all 
elements f,ge¥[Q]^ 

{f,9)tt-{f^9)^.t (2) 
We will use the notation (■, ■)g,t to refer to (■, It follows from the above relation 
that A(q, t) has also Fourier coefficients which are rational functions of q and t and 
therefore regarded as elements of F. 
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2.4. For each simple affine root consider the following operator, called Demazure- 
Lusztig operator, acting on F[Q] as follows 

/^^ - e'''^'^) 

T,(e^) = e-(^) + (l-t)^^-^ 

The following result is due to Cherednik. 

Theorem 2.2 ((2j). The Demazure-Lusztig operators are unitary for the above 
scalar product on F[Q]. This means that for any f,g E ^[Q] we have 

mf),T,{9)),,t^{f,g)g,t 

The unitarity of the Demazure-Lusztig operators will be our main tool for com- 
puting some of the Fourier coefficients of the Cherednik kernel. 



2.5. Consider now t as a formal variable. The graded torus character of 5'(0), the 
algebra of complex valued polynomial functions on g, is easily seen to be 

chs(g)W= n 

aeR 

If xa denotes the character of the irreducible representation of G with highest 
weight A, then the graded multiphcity of Vx inside S{g) can be computed as 

(ch5(B)W,XA) = ^^V(0,i)xA (3) 

As mentioned in Introduction if X denotes the subring of G~invariant polynomials 
on 2 and Ti, the space of G-harmonic polynomials on g then S{q) — I®T-L as graded 
G-modules. If follows that if we want to compute ^(Va), the graded multiplicity of 
Vx inside H., then we would have to factor out in formula the graded multiplicity 
of the trivial representation inside S{q), or equivalently the constant term of V(0, t). 
We can conclude that 

E{Vx) = {l,Xx)tt (4) 

By formula l|2Jl we can thus express Ex as a sum of weight multiplicities of Vx 
times values of Fourier coefficients of the Cherednik kernel at g = 0. The non- 
symmetry of the Cherednik kernel allows various Fourier coefficients parameterized 
by elements in the same Weyl group orbit to behave differently and therefore to 
contribute differently to the above scalar product. This feature is not present for 
the Macdonald kernel A(g,<). We will return to the problem of computing the 
Fourier coefficients of the Cherednik kernel after some combinatorial considerations 
which will allow us to describe them in simple terms for elements of several Weyl 
group orbits . 
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3. The height function and the Bruhat order 

3.1. For each winW let £{w) be the length of a reduced (i.e. shortest) decompo- 
sition of w in terms of the s^. We have i{'w) = |n(?x;)| where 

n(u;) = {a e i?+ I w{a) G R^}. 

We also denote by ^n(w) = {a E i?+ | w{a) £ E w = sj^ ■ ■ ■ Sj^ is a reduced 

expression of w, then 

n(u>) = {aW I 1 < j < p}, 

with aW =Sji---Sj._i(aj.). 

For each element A of Q define A+ to be the unique dominant element in WX, 
the orbit of A. Let wx G W he the unique minimal length element such that 
wa(A+) = A. 

Lemma 3.1. With the notation above, we have 

n(wX^) = {a e i?+ I (A, a) < 0}. 

Proof. Let a be an element of Il{w\^). Then w^^{a) is a negative root and in 
consequence 

> {X+,w^\a)) = iwx{X+),a) = (A, a). (5) 
Let us see that above we cannot have equality. If w^^ — sj^ ■ ■ ■ Sj-^ is a reduced 
expression, then 

a e Il{wJ^^) = {a^') \l<i<p}, 
with a'-*-' ~ Sj-^ ■ ■ ■ Sj-_-^{aj-). Suppose that 

0= (A,aW) = {X,Sj, ••■Sj._,(ajJ) = {sj^_, ■ ■ ■ Sj,{X),aj,) 



then 



Si, s 



fact which contradicts the minimality of w-y ^ . 

Conversely, if the inequality (A, a) < holds for a positive root a then equation 
(O shows that w^'^{a) is a negative root. □ 

3.2. The Bruhat order is a partial order on any Coxeter group defined in way 
compatible with the length function. For an element w we put w < SiW ii and 
only if £{w) < £{siw). The transitive closure of this relation is called the Bruhat 
order. The terminology is motivated by the way this ordering arises for Weyl groups 
in connection with inclusions among closures of Bruhat cells for a corresponding 
semisimple algebraic group. 

For the basic properties of the Bruhat order we refer to Chapter 5 in 0. Let 
us list a few of them (the first two properties completely characterize the Bruhat 
order): 
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(1) For each a S we have SaW < w if and only if a is in Yi{w^^) ; 

(2) w' < w ii and only if w' can be obtained by omitting some factors in a fixed 
reduced decomposition of w ; 

(3) ii w' < w then either Siw' < w or Siw' < SiW (or both). 

We can use the Bruhat order on W do define a partial order on each orbit of the 
Weyl group action on Q as follows. 

Definition 3.2. Let A and fi be two elements of the root lattice which lie in the 
same orbit ofW. By definition X < fi if and only if w\ < w^. 

By the above Definition the dominant element of a W^-orbit is the minimal 
element of that orbit with respect to the Bruhat order. 

Lemma 3.3. Let A be an element of the root lattice such that Si{\) ^ A for some 
\ < i < n. Then Ws^(\) — SiW\. 

Proof. Because £{siW\) = £{wx) ± 1 and i{siWs.{\)) = ^(u'si(A)) ± 1 we have four 
possible situations depending on the choice of the signs in the above relations. The 
choice of a plus sign in both relations translates into a; ^ n(w^^) and Ui ^ Il{wJ,^-^) 
which by Lemma lTTl and our hypothesis implies that {ai, A) > and (a^, Si(A)) > 
(contradiction). The same argument shows that the choice of a minus sign in 
both relations is impossible. Now, we can assume that ({siWx) — £{w\) + 1 and 
£{siWsi{\)) — £{ws^(x))^l, the other case being treated similarly. Using the minimal 
length properties of w\ and w^. (^\^ we can write 

£{wx) + 1 = £{s,wx) > £(u;,.(A)) = ^(^.^..(A)) + 1 > e{wx) + 1 

which shows that £{siW\) = £{ws-(x)). Our conclusion now follows from the unique- 
ness of the element Wsi(A)- D 

An immediate consequence is the following 

Lemma 3.4. Let X be a weight such that Si{X) ^ A for some 1 < i < n. Then 
Si (A) > X if and only if {at, A) > 0. // the equivalent conditions hold we also have 

n{ws,(^x)) ^ n{wx) U {w^\a,)}. 

Lemma 3.5. For an element X in the root lattice we have 

ht(A+)-ht(A)= J2 (^+'"'') 

Moreover, the number ht(A+) — ht(A) — £{w\) is a positive integer. 

Proof. Since ht(A) = (A, p) — (A+, w^^(p)) we obtain that 
ht{X+)-ht{X}^{X+,p-w^\p)) 
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If we write 

using the equalities 

w~^' {n{w-^')) = -n{wx) and w~^' Cn(w^i)) = ^n{wx) (6) 

we find that 

-A Hp) = 4 E "^ + ^ E 

ae^(t«;^) Qe<:n(t«A) 
Our first claim then immediately follows. Regarding the second claim, note that 
for a S Yi{w\) we always have (A+, a^) > 1. Indeed, from the equality © we know 
that a — —w^^{f3) with (3 £ Il{w^^) and therefore by Lemma ITTl 

(A+,a^) = -(A,/3^)>0 

In conclusion, ht(A+) — ht(A)—£(wA) — J2aen{wx) ~ 1) is a sum of positive 

integers and hence a positive integer. □ 

For any element A of the root lattice we will use the notation 
Dx =ht(A+) -ht(A) -^(wa) 
As we will see Da encodes a certain type of combinatorial information about A. 
If the root system is not simply laced it will be convenient to consider 

Dx{i)= E ((A+,a^)-l) 

and 

Dx{s)= E ((A+,«^)-l) 

where 11^ (wa), respectively Ils{wx), is used to denote the long roots, respectively 
short roots, in 11 (wa). 

3.3. Let us describe Dx in a few cases. Assume that A is a short root. Then 
A+ — 9s and 

Da= E 

Since 9s is a short root, it follows that the scalar product {9s, a^) equals 2 ii a = 9s 
and equals 1 otherwise. Therefore Da takes the value 1 or depending on whether 
9s is in n(wA) or not. But since wx{9s) = A we obtain that 9s is in Il{wx) if and 
only if A is a negative root. Therefore we have proved the following result. 

Lemma 3.6. If X is a short root then Dx — if X is a positive root and Dx — ^ if 
X is a negative root. 
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3.4. In the case on non-simply laced root systems we can investigate D\ for A 
a long root. Denote first by N{6e) the number of unordered pairs {a, /?} of short 
roots such that 6e = a + (3. For any other long root A the number of unordered 
pairs {a,f3} of short roots such that 9( = a + (3 is still N{6() since w\ provides a 
bijection between the set of such pairs. 

If a and /3 are short roots such that Oi = a + (3 then {9i,a^) — 2 + {(3,a^). 
We remark that {9i,a^) cannot be zero and then it equals r. It follows that 
always (/3, a^) = r — 2. The same is true for the scalar product of pairs of short 
roots associated in a similar way to any long root. Denote by n(A) the number of 
negative roots appearing in all unordered pairs of short roots such that A = a + /3. 
The following result describes Dx in combinatorial terms. 

Lemma 3.7. For a non-simply laced root system D\{1) = if X is a positive long 
root and Dx{i) = 1 if X is a negative long root. Also, Dx{s) = (r — l)n(A). 

Proof. As before, by examining the scalar products we find that Dx{£) = if is 
not in n('u;A) and Dx{t} = 1 if is in n(w;^). But since wx{d() = X this translates 
precisely into our first claim. 

Regarding the second claim we use the fact that (9(,a.'^) = r for all a £ Ils{wx) 
to write Dx{s) = (r — l)|ns(u'A)|. Therefore, it will be enough to show that 
n(A) = |n(M;;^)|. Remark first that all the unordered pairs of short root which sum 
up to A are of the form {wx{cx),wx{f3)} with a and f3 positive short roots such 
that 9x = a + (3. If, for example, vux{a) is a negative root then a G ns(wA). 
We have shown that n{X) < \Il{wx)\- For the converse inequality note that if 
a G ns(wA) then {9e,a) = 1 and hence 9e — a — — se^(a) is a short root and 
6e = a + {9e — a). Then A = ^^(0:) + 'wx{9e — a) and ^^(0:) is a negative root. In 
conclusion |II(wa)| < 'n{X) and our statement is proved. □ 

3.5. We will give a combinatorial description of Dx for a few more Weyl group 
orbits. Let us describe first the orbits we wish to consider. Define 

S ■.= {j = a + P\a,PeRs , (a,/3)=0} 

The Weyl group acts on S and the number of orbits of this action is given by the 
number of dominant elements of 5*. It is useful to note that the set S is empty for the 
root system of type G2 and that for all the other non-simply laced root systems 
the long roots belong to S. Let us consider J the set of connected components 
of the diagram obtained from the Dynkin diagram of R by removing the nodes 
corresponding to those simple roots for which (0s,Q!^) = 1 and which contain at 
least one node associated to a short simple root of R. Note that each connected 
component as above is itself a Dynkin diagram and therefore we can associate its 
Weyl group Wj, root system Rj and highest short root 6s j- 
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Lemma 3.8. The dominant elements of S are 9s + 9s, j for all j in J. 

Proof. We know (see e.g. that for any element x of 1)^ the stabihzer stabw{x) 
is generated by the simple reflexions which fix x. Therefore the stabilizer of 9s is 
the group generated by the simple reflexions for which {9s, ai) = and using the 
notation above we obtain that 

stahw{9s) = Yl ^3 

If for a simple root ai we have (9s, ai) = then ai belongs to one of the root 
systems Rj and therefore {9sj,ai) > for any j G J. Hence, {9s +9sj,ai) > 
for any j G J. If ai is a simple root such that {9s, ai ) = 1, since {9sj,a^) > — 1 
we obtain again that {9s + 9s j, ai) > for any j e J. In conclusion, the elements 
9s + 9s_j are all dominant. To finish the proof we will show that any element 7 of 
S is in fact conjugate to one of the 9s + 9s. j . 

Fix an element 7 = a + /3 of 5' such that a,f3 € Rs and {a, f3) = 0. We can 
find a Weyl group element w such that w{a) = 9s and therefore w{'y) = 9s + w{P). 
Moreover, {9s,w{(3)) = 0. This means in particular that s^(^) is an element of W 
which fixes 9s. The element Su,(^) of stahw{9s) being a reflexion it follows that 
w{l3) is a short root in one of the Rj. If we denote by 9s j the highest short root of 
Rj, we can find an element w' of Wj such that w'w{l3) — 9s j. Of course, since w' 
fixes 9s we obtain that 

w'w{"f) ^ 9s + 9s,j 

Therefore, we have proved that each element of S is in the same orbit with one of 
the elements 9s + 9s j, j & J. □ 

3.6. We will investigate the possible values of the scalar products {9s + 6*^, a^) for 
positive roots a. We wish to study the cases which were not already accounted for. 
Hence we fix j e J such that 9s + 9s j 7^ 9^. 

The possible values of the scalar product {9s, a^) are 0, 1 and 2 and the possible 
values of the scalar product {9s.j,a'^) are 0, ±1 and 2. Note that if one on the 
scalar products is 2 then the other one is necessarily since a is either 9s or 9s,j. 
Therefore {9s + 9s,j,a'^) = 2 only if a ^9s,a = 9s,j or {9s, a"^) ^ {9'^, a'^) ^ I. The 
other possible values of the scalar product are and 1 since 9s + 9s j is dominant 
and a positive their scalar product has to be positive. 

The most interesting situation is when we have {9s, a'^) = {9s j, a^) = 1. In the 
situation when we have two distinct root lengths a can potentially be a long root. 
In such a case {9s, a) = {9s, j, a) = 1 and therefore se^sg^ ■ {a) — a — r9s — r9s.j is 
a long root. The scalar product {r9s + r9sj — a,a) = 2{r — 1). If r = 3 this leads 
to a contradiction and if r = 2 then we obtain that a ^ 9s + 9s. j. Hence, a being 
a dominant long root it must equal 9i and hence 9s + 9s j — 9£ (contradiction). 
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We have shown that if a is a positive root and {6s, a^) — {6s,j,a^) = 1 then a is 
necessarily short. 

Let ^ := {a e i?+ I (6's,q;^) = {9sj,a'^) = 1}. Denote by = -sg^sg^^ .. 
We will show that (p is an involution of A without fixed points. Indeed, ip{a) = 

+ (^s.j — a is a short root and {dg, Og + 9s.j — a) = 2/r — 1/r = l/r and similarly 
(6'sj, ds + 6s,j — a) = l/r, showing that Lp{a) is an element of A. Obviously, (f^ is 
the identity. If a is fixed by <p then Os + 9s. j = la. Computing the scalar product 
with a we obtain 2/r — 4/r which is a contradiction. Therefore, the involution ip 
does not have fixed points. 

3.7. One consequence of the above considerations is that A has an even number of 
elements. For our j £ J (chosen such that dg + Osj 0i) denote by n{j) the number 
of unordered pairs {a, (3} of short orthogonal roots such that Og + Ssj = a + (3. 
Also, for A G W{9s + Osj) denote by n(X) the number of negative roots appearing 
in all unordered pairs of short roots such that X ^ a + p. 

Lemma 3.9. With the notation above n{j) = 1 + |j4|/2. 

Proof. If {a,P} is a pair of short orthogonal roots for which 9s + 9s,j — a + (3, 
then {9s + 9s,j,a^) — {a + f3,a^) — 2 /p. Such a root must necessarily be positive 
since otherwise ht(Q; + /?) < ht{9s). From previous considerations we know that 
either a £ A, either a G {9s,9sj}. Therefore, the pair {a, (3} is {9s,9sj} or the 
pair {a,(p{a)} for some a £ A. It is easy to see that the number of such pairs is 
l + |A|/2. □ 

The next result describes D\ in combinatorial terms. 
Lemma 3.10. For an element A G W{9s + ^s.j) o,s above we have 

Dx = Dx{s) = n{X) 

Proof. As we have argued before, there is no long root a such that {9s+9s.j, a^) = 2 
and therefore D\{£) — 0. Furthermore, 

and since the scalar product {9s + 9s. j, a^) is at most 2 we obtain that Dx is the 
number of a G Ils{wx) for which {9s + 9sj,a'^) = 2. We know from Lemma 13.91 
that a short positive root a such that {9s + 9sj,a'^) ~ 2 gives rise an expression 
9s + 9s,j = a + (3 with a and (3 short positive roots Therefore X = wx {a) + wx {(3) 
and the short root wx{a) is negative. We have shown that n(A) > Dx. For the 
converse inequality we argue as in the proof of Lemma 1X71 □ 
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The following result is an immediate consequence of the combinatorial descrip- 
tion of D\. 

Lemma 3.11. Let X G W{9s + 9s,j) as above such thath.t{X) = 0. Then Dx = n{j). 

Proof. The claim is clear since if {a, (3} is a pair of orthogonal short roots such that 
X = a + p then because ht(A) = precisely one of a or /3 is a positive root and the 
other is a negative root. In conclusion n(A) = n{j). □ 

The next result will be useful later. 

Lemma 3.12. Let A = se(^s + ^s,j)- Then D\ = 2n{j) — 1 is the root system R is 
simply laced and D\ = n{j) if the root system is not simply laced. 

Proof. Consider a pair {a, (3} of short orthogonal positive roots such that a + 
f3 = Os + Os,j. Then {se{a), sg{P)} is pair of short orthogonal roots such that 
se{oi) + se{(3) = A and all the pairs with this property arise in this way. 

Assume first that R is simply laced. If {a, /3} = {6s,0s,j} then {so{a),S0{/3)} = 
{—0s, 0s,j}- In all the other cases {s0{a), se(/3)} = {a — Bg, /3 — 0s}. Since 0s is the 
highest root of R the number of negative roots appearing in the n{j) unordered 
pairs of short roots which sum up to A equals 2n{j) — 1. 

If R is non-simply laced then {0s + 0s,j,0) = 1 which forces of course (a + 
(3,0) = 1. Because is dominant both {a,0) and {(3,0) are positive integers and 
therefore one of them equals (say, the first one) and the other equals 1. Hence 
{s0{a),sg{(3)} = {a — 0,(3}. In conclusion the number of negative roots appearing 
in the n{j) unordered pairs of short roots which sum up to A equals n{j). □ 

3.8. For the root system R we denote by N{R) the number of positive roots in R. 
Similarly we denote by N{Rs) the number of positive short roots in R and we use 
corresponding notation for the root systems Rj. 

Lemma 3.13. With the notation above, there are exactly N{Rs)N{Rsj)/n{j) el- 
ements in the orbit W{0s + 0s,j)- 

Proof. For a fixed short root there are exactly 2N{Rsj) short roots orthogonal 

to it and with the sum in the proscribed orbit (since this is the situation for 0s). 
Therefore, the total number of pairs of orthogonal short roots is AN {Rg) N {Rs_j) . 
From all these pairs by taking their sum we obtain each element of the orbit W{0s + 
0s j) exactly 2n{j) times. In conclusion the number of elements in the orbit W{0s + 
0sj) has the predicted value. □ 
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4. Fourier coefficients 

In this section we will describe a general inductive procedure for computing the 
Fourier coefficients of the Cherednik kernel and then we apply it to find explicit 
formulas for the coefficients corresponding to elements in a few Weyl group orbits. 

4.1. Let A be an element of the root lattice and ai a simple root. If (A, a() = fc > 
then 

r,(e^) = e"*(^) + (1 - <)(e^ + • • • + e^-C^-i)"') 

Note that for 1 < j < k the element X^jai is a convex combination of A and Si(A). 
Indeed 

X-ja, = {I- j/k)\ + j/ks^{\) 

In consequence they lie in Weyl group orbits strictly closer to the origin than the 
elements in W\. The same is true if (A, 0) = fc > 

and ioi 1 < j < k the element A — j9 is a convex combination of A and sg{X). 
Using the unitarity of the Demazure-Lusztig operators we obtain relations between 
Fourier coefhcients of the Cherednik kernel. 

Using the equality (T,(l), T,(e^)),,t = (l,e^),, t we obtain the following relations 

tCs,(\){q,t) - cx{q,t) = (l-t) {cx-a,{q,t) H h CA-(fc_i)Q, (g, i)) (7) 

for all 1 < « < n such that Si(X) > A. Also if (A, 0) = fc > we have 

tq''cx{q, t) - c,^(A) (q, t) ^ {I - t) {q''-^Cx-e{q, t) + ■ ■ ■ + qcx-(k-l)e{q, t)) (8) 

Fix a non-zero dominant element A+ G Q and consider the homogeneous system 
associated to the above equations. The unknowns are xx for all A S W\j^ and the 
equations 

txsi(x) — Xx = ii 1 <i <n and Si(A) > A (9) 
tq'^xx-x.^i^x) = if(A,^) = fc>0 (10) 

It is easy to see that from equation © we obtain that xx = t~^^'^^'>xx^- We also 
have k (X^, 9) > and from equation llOII we get 

tq'^xx^ - t-^'^'"'ow)xx+ = 
which implies that xx^ = and therefore = for all A G WX+. 

Theorem 4.1. The system given by equations ^ and ^ and co{q,t) — 1 has 
unique solution. 
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Proof. Wc know that the system has at least one solution. Fix now a non-zero 
dominant A+ G Q. Since the homogeneous system given by equations © and Hl()|l 
has a unique solution it follows that the system given by equations (TJ and © 
has at most one solution. Combining these two remarks it follows that for any 
A € c\{q,t) is uniquely expressible in terms of c^((7,i)'s, where /i lies in an 

orbit of W closer to the origin that A+. Using induction on the distance of A4. to 
the origin we obtain that our system has a unique solution. □ 

4.2. We will now apply the inductive procedure described in the proof of Theorem 
14.11 to find the Fourier coefficients of the Cherednik kernel corresponding to a few 
Weyl group orbits. The orbit of on Q closest to the origin is WOg- If the root 
system is simply laced then Og = d the highest root of R. Let Xq^ be the element 
of F for which 

ceAq.t)^t'^''^''^Xe, (11) 
Theorem 4.2. For any short root A we have 

C^[q^t) = tht(A)+Z5A^^^ ^ (^ht(A) _ ^ht(A)+Z5A) (^2) 
andXg^ = (1 -i-i)/(l - gt'^'W). 

Proof. We will show that the above formula is valid by induction on the order on 
the orbit WOs induced from the Bruhat order. For the minimal element of the orbit 
we have Dg^ — (by Lemma [3.6(1 and the predicted formula coincides with Hll|l . 

Assuming that the predicted formula is true for A we will show that it is true 
for Si(A) > A. As explained in Lemma [3.41 this means that (A, a/) > 0. In fact 
the possible values of the scalar product are 1 or 2 (only if A = ai). If (A, a() = 1 
then ht(si(A)) = ht(A) - 1 and £{ws^{\)) = i{wx) + 1. It follows that L's,(a) = Dx 
therefore using equation ^ we get 

Cs.(A)('?,i) = t^^cx{q,t) 

^ ^ht{X) + Dx-l-^^ _|_ |^^ht(A)-l _ ^ht(A)+DA-l-) 

^ ^ht(s.(A)) + D,^(A) _^ |^^ht(si(A)) _ ^ht(s.(A))+D,^(A)-) 

If (A,a^) = 2 then A = a-i and Si(A) — ai. In consequence Dx — and Dg.f^x) — 1- 
Again by equation we get 

Cs.(A)(g,i) - t-^cx{q,t) + {t-^ -1) 
= Xg^ + it-^-1) 

^ ^ht(s.(A)) + D,^(A) jj^^ _^ (iht(s,(A)) _ ^ht(s.(A))+D,^(A)^ 

We have thus shown that the formula H12|l is valid for all short roots. To show that 
Xg^ has the predicted value we use the equation (jH)). 
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Indeed, if the root system R is simply laced then 9 = 9s and the equation (jH)) 
for X — 9s becomes 

tq'^ce^ {q, t) = c^e, {q, t) + q{l - t) 

and replacing ce^ (q, t) and C-e^ {q, t) with their formulas in terms of Xg^ we obtain 
the desired result. 

If the root system R is non-simply laced then 9 — 9e and the equation |(SJ for 
X = 9s becomes 

tqcgjq,t) = cg^^g{q,t) 
and again our result follows. □ 

4.3. We will describe next the Fourier coefficients of the Cherednik kernel corre- 
sponding to long roots in the case of a non-simply laced root systems. 

Theorem 4.3. For any long root X we have 

C^{q, t) = iht(A)+D, W^^^^ _^ (^ht(A) _ ^ht(A)+D, (^3) 

Proof. Let us denote by Xg the element of F defined by cg{q, t) — t^'^'^^'^Xg. We will 
show inductively that for any long roots A we have 

Cx{q,t) = tht(A)+D.;^^^(^ht(A)+D.m _^ht(A)+D.);^^^ _j.(^ht(A) _^ht(A)+D.W) (^4) 

The formula H14|l is clearly true for 9. Assuming that the predicted formula is 
true for A we will show that it is true for Si{X) > X. For such an a; the possible 
values of the scalar product (A, a^) are 1 (if ai is a long root), 2 (if Ui — A) and r 
(if ai is a short root). We analyze these cases separately. 

If (A,an = 1 thcnht(s,(A)) = ht(A)-l and ^(^^.(a)) =^(u;a) + 1- It follows that 
Dsi{\) = Dx therefore using equation |7|) we get the desired formula for Cs-{\){q,t). 

If (A, a^) = 2 then X — ai and Si{X) — ai. In consequence D\{t) = 0, Ds^(X){C) — 
1 and Ds-[\){s) = D\{s) . Again equation {T)) gives the predicted formula for 

Cs,(\){q,t)- 

If ai is a short root and (A,a,^) — r then A — ai, A — (r — l)ai are short roots 
(for example A — = —sx{ai)). From Lemma 13.41 we know that 

niWs^l^X)) ^^{wx)U{w^\a,)} 

and since ai is a short root we obtain 

n^Cws^iA)) = ^eiw\) and ns(u;s^(A)) = ns(w;A) U {w'^^{ai)} 

Therefore, by Lemma [3. 71 it follows that 

Ds^ix){i) = DxH) and .0,^^) (s) = -Da(s) + r - 1 
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One immediate consequence of the above equalities is that 
ht(s,(A)) + D.^^x) = ht(A) +Dx-l 
and that A and Si{X) are either both positive roots or both negative roots. Hence 

The equation Q in this case becomes 

and the induction hypothesis together with the above equahties imphes the formula 
idl) for Cs,(A)(g,0- 

We have thus shown that the formula (|14|l is valid for all long roots. To show 
that H13|) is true it is enough to show that Xg ~ Xg^ . To see that this is indeed the 
case we use equation for A = 6* 

tq'^Cg{q, t) = c_g{q, t) + q{l - t) 

or equivalently 

(g2^2ht(e) _ tD^e(s))Xg = (1 - t^-''^^))^^, + {^^ - l){qt'''^''^ + 1) 

Replacing — 1 with (qt*^''*) — l)^^^ in the above formula immediately gives 
Xg — Xg^ and therefore the desired result. □ 

Theorem 14.21 and Theorem 14.31 were also obtained by Bazlov ^1 Theorem 3] 
using a different (but related) procedure for computing the Fourier coefficients 
based on the unitarity of Cherednik operators. Given the considerable complexity 
of Cherednik operators, their action is very hard to be analyzed in general. 

4.4. We will next describe the Fourier coefficients for the Cherednik kernel for all 
A e W{9s + Os,j)^ where j e J is such that 9s + Os,j ^ 0^. First, let us define Xj to 
be the unique element of F for which 

Cg^+g^,^{q,t)^t'-<''+'^-'^X,Xg^ (15) 

We will also need the following notation: for A as above dx is defined to be if 
ht(A) > and to be 1 if ht(A) < 0. Also, 

ax{t) := t^^Witd^ J^^D,-nU) _ ^D^ _ ^d,+D,-nij)^ 

Theorem 4.4. For A as above we have 

cx{q,t) = ti^'f^^+^-X.-Xe, + ax{t)Xg, + bx{t) (16) 
and Xj = (1 - i-"(j))/(l - gtht(e)-„0)+i) 
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Proof. As before, we will show inductively that the formula (|16|l holds for any A in 
the Weyl group orbit of 9s + 6s. j- The formula ()16|l is easily seen to be true for the 
dominant element of the orbit. 

Assuming that the predicted formula is true for A we will show that it is true 
for Si (A) > A. According to Section the possible values of the scalar product 
(A, a^) are 1 and 2. In the latter case ai is necessarily a short root. 

If (A, a/) = 1 thenht(sj(A)) = ht(A)-l and^(w^,(A)) ^ £iwx) + l. It follows that 
^si(A) = D\ and by using equation {T)) we get the desired formula for Cs.(^\)(q,t). 
In fact, special care is needed if ht(A) = since d\ — and dsi(A) = li but Lemma 
13. Ill assures that everything goes smoothly. 

If ai is a short root and {X,a^) ~ 2 then A — is also a short root which is 
orthogonal on ai (see Section l3.6|) . From Lemma 13.41 we know that 

niws^^x)) ^T^iwx)U{w~\a,)} 

and therefore 

^..(A) =^A + 1 

The equation 10 in this case becomes 

Csi(\){q,t) = t^^cx{q,t) + {r'^ - i)cx^a,{q,t) 

Let us assume first that ht(A) ^ 0. Since A — is a short root it does not have 
height zero and moreover D\^cti = dx = ds-(x)- Using this equality, the above 
equation gives 

as,(A)W = iht(A)-l(^dA _^^D,-nO) _^d,+D,-n{j)^ ^ (^-1 _ -^^^ht(A)-l+d, 

^ ^lit(A)-l|-^dA-l ^ iDx-n(j) _ ^Dx _ ^dA+DA-nO)) 



and 



(t) = tht(A)-l^^_^dA)(^_^DA-n(i))+iht(A)-l(^_^dA)(i-l_l) 



which give the desired formula for Cs^[x){q,'t)- The case ht(A) = is handled 
similarly with the use of Lemma 13.111 We have therefore proved the formula 
is always valid. We are left with finding the precise value of Xj. As before, we will 
make use of equation ((HJ for ds + Osj, which takes different forms depending on 
whether the root system R is simply laced or not. In both cases we will use the 
Lemma . 1 21 which describes Dsg^e^+e^ j)- 
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If R is non-simply laced the equation (jH)) for A = 6*5 + Os,j becomes 
or equivalently 

which gives the desired expression for Xj. 

If R is simply laced the equation ijHJl for A = 0^ + j" becomes 

q'^tce^+e,j {q, t) = c^e,+e,,, {q, t) + q{l - i)ce^^ (g, i) 

After replacing each Fourier coefficient with its formula given by (O and (O and 
after straightforward manipulations we find the predicted expression for Xj . □ 

4.5. We will collect all the values of the Fourier coefficients at q = 0. For A a 
positive root (short or long) we have 

c;,(0,i) (17) 

and for A a negative root we have ca(0, t) = 0. 

For A an element of the orbit of 9s + Os.j{j^ &i) we get 

C^(0, t) = (t^*(^) - tht(A)-l>) _ l^^\A(\)+Dx-n(3) _ ^ht(A)+_DA-«(j)-l) (^8) 

for A of strictly positive height and ca(0, <) = for A of height smaller than zero. 

Note that the fact that the Fourier coefficients ca(0, t) a zero if A has not strictly 
positive height follows directly from the definition of K{Q,t). 

For A a dominant element of the root lattice and a strictly positive integer 
i denote by h'^(i) the number of weights (counted with multiplicities) of V\ the 
irreducible representation of G with highest weight A which have height i. For 
9s + Osj denote by hg (i) the number of elements 7 of the orbit of 9s + 9s j 
for which ht(7) + — n{j) — i. For A a dominant root let h\{i) :— h'^{i); for 
9s + 9s J let hg^j^g^ .{i) — h'g^j^g^ .{i) — hg ^j^g ^ . Note that for the above cases 
^a(I) > hx{2) >■■■> hx{\it{\)) and hx{i) = for i strictly larger than ht(A). 

Theorem 4.5. The generalized exponents ofV\ where A a dominant root or9s+9sj 
are given by the elements of the partition dual to {h\{i)}i>i. Equivalently, the 
multiplicity ofV\ in W is h\{i) — h\{i + 1). 

Proof. The result is a direct consequence of the formulas p7l) and p8f) . Indeed, if 
we denote by wt(A) the set of weights of V\ and for any 7 G wt(A) we denote by 
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mx-y the weight multiphcity of 7 in Vx, we have 

(l,XA)o,t = X! '7lA^C^(0'*) 
7ewt(A) 

hx{i){f - f-') + mxo 

l<i<ht(A) 

^ {hx{i) ~ hx{i + l))f 
l<j<ht(A) 

Our resuh is proved. □ 

Note that for the representation Ve (the adjoint representation of G) the above 
Theorem describes precisely the procedure for computing the classical exponents 
proved by Kostant 0- 

4.6. For each type of root system we will describe next the results of the description 
of generahzed exponents for X — 9s + 9s j, j & J provided by Theorem 14. 51 

A„: I J| = 1, n{j) = 2 

Bn-. \J\ = 0. 

Cn,n>4: \J\ = 1, n{j) = 3 

EW - Ei<.<^ ^{t'' + i^-^^-') + Ei<.<:- *(^'^+' + 1^-^^-^) + L^Ji^"-^ 

154: I J| = 3, = 3 for any j e J. Also for all three \ = 9s + Ogj we have 
E{Vx) = t^+t^ + t'^ 

Dn, n > 5: \J\ = 2. If wc denote J = {^1,^2} we have — n — 1, rt(j2) = 3. 

With the notation Xi = 9s + Osj^ and X2 = 9s + 9sj2 we have 

^^(VAj = Er^'^ 

For n even we have 

EiVx,) = Erir' (L^J(i'^ + <4"-2»-8) + (I _ L^J)(t2n-2.-6 _^ ^2n+2.-2)) _^ 
f(t2»-6+t2"-4_^^2n-2) 

For n odd we have 
i?6: |J| = 1, n(j)=4 

£^(14) = + + 1'' + + 2**^ + + 2t^ + 2t^ + 2t^" + 1" + 2ii2 + ^13 + ^14 ^15 ^ ^16 
Ej: \J\ = 1, nO') = 5 

S(Vx) = + + 2t6 + 2t» + 3ii" + 3fi2 + 3ti4 + 3^16 + g^is ^ 2i20 + 2t^^ + + t^e 
E^: \J\ = 1, n(j) = 7 
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EiVx) =e+t^+t^+ fl" + 2*12 ^ 2*14 ^ ^16 ^ 3^18 ^ 2*20 ^ 2*22 ^ 3^24 ^ 2*26 + 
2*2« + 3*30 ^ ^32 ^ 2*34 ^ 2*36 ^ ^38 ^ ^40 ^ ;42 ^ ^46 

F^: \J\ = 0. 
G2: |J| =0. 

It is interesting to note that whenever it is defined n{j) equals some classical 
exponent for the root system in question. We also observe the following symmetry 
(recall that vi is the multiplicity of the 0-th weight space of Vx) 

e,;(A) + e^,_,(A) = ht(6i,) + ht(6',j) + 2 

4.7. We close by noting that if ~ ei{9) are the classical exponents, their sym- 
metry observed by Chevalley (and proved by Kostant [H]) 

e, + e„_, = ht(e') + 1 (19) 

can be also explained as follows. By examining A(g,*) we observe that the scalar 
product (l,xe)t,t = (l,Xe) — 0. On the other hand, it is easy to see that 

\^^Xe)q,t r~~^*M(e) 

and therefore our convention ei < • • • < e„ immediately gives (|19f) . For non-simply 
laced root systems the same argument gives a similar symmetry for the generalized 
exponents for Ve^ . If Ug denotes the number of simple short roots in R then we 
have 

e,(0.) + e„,_,(03) =ht(0) + l 

However, this type of considerations do not explain the symmetry of the generalized 
exponents observed in the previous paragraph. 
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